The present paper deals with the common solution method for finding a fixed point of a nonexpansive mapping and a solution of split hierarchical Minty variational inequality problems. We discuss the weak convergence of the sequences generated by the proposed method to a common solution of a fixed point problem and a split hierarchical Minty variational inequality problem. An example is presented to illustrate the proposed algorithm and result.
Introduction
Since its origin in  by Censor and Elfving [] , the split feasibility problem (SFP) has been rapidly investigated and studied because of its applications in different areas such as signal processing, phase retrievals, image reconstruction, intensity-modulated radiation therapy, etc. (see, for example, [-] and the references therein). Recently, Censor and Segal [] introduced a split common fixed point problem (SCFPP) which is to find a common element of a family of operators in one space such that its image under a linear transformation is a common fixed point of another family of operators in the image space. The SCFPP generalizes convex feasibility problem (CFP), split feasibility problem (SFP) and multiple sets split feasibility problem (MSSFP). They developed a parallel algorithm for solving SCFPP for the class of directed operators in the setting of finite-dimension spaces. Further, Cui et al. [] proposed a damped projection method for SCFPP and studied its convergence result. Moudafi [] further proposed and analyzed an iterative scheme for solving SCFPP for the class of demicontractive operators in the setting of Hilbert spaces. He studied the weak convergence of the sequence generated by the proposed algorithm to a solution of SCFPP. Subsequently, Cui and Wang [] suggested a new algorithm that does not require any prior information of the operator norm to find a solution of SCFPP. They studied the weak convergence of the proposed algorithm. In , Moudafi [] considered the relaxed algorithm for computing the approximate solution of SCFPP for quasinonexpansive operators and studied the weak convergence of the sequence generated by the suggested algorithm. Very recently, SCFPP was considered by Kraikaew and Saejung [] for quasi-nonexpansive and strongly quasi-nonexpansive operators. They proposed an algorithm and showed that their algorithm converges strongly to a solution of SCFPP. They also considered split variational inequality problem [] , split common null point problem and Moudafi's split feasibility problem, and derived the algorithm for these problems from the main algorithm for SCFPP. Also, the strong convergence of these algorithms is derived from the main convergence result. Very recently, Ansari et al. [] introduced the split hierarchical variational inequality problem (SHVIP). A variational inequality problem in which the underlying set is a set of fixed points of a nonlinear operator is called hierarchical variational inequality problem. For further details on hierarchical variational inequality problems, we refer to [] and the references therein. More precisely, they considered the following split hierarchical Minty variational inequality problem (SHMVIP) which requires to find a solution of a hierarchical Minty variational inequality problem (HMVIP) such that its image under a nonlinear operator is a solution of another HMVIP.
Let H  and H  be real Hilbert spaces, f , T : H  → H  be operators such that Fix(T) = ∅, and h, S : H  → H  be operators with Fix(S) = ∅, where Fix(T) and Fix(S) are denoted by the set of fixed points of T and S, respectively. Let A : H  → H  be an operator with R(A) ∩ Fix(S) = ∅, where R(A) denotes the range of A. The split hierarchical variational inequality problem (SHVIP) is to find x * ∈ Fix(T) such that
such that Ax * ∈ Fix(S) and it satisfies h Ax * , y -Ax * ≥  for all y ∈ Fix(S).
The solution set of the SHVIP is denoted by . Another problem which is closely related to (SHVIP) is the following split hierarchical Minty variational inequality problem (SHMVIP): Find x * ∈ Fix(T) such that
and such that Ax * ∈ Fix(S) satisfies
We denote by the set of solutions of SHMVIP, that is, Ansari et al. [] showed that several problems, namely split convex minimization problem, split variational inequality problem over the solution set of monotone variational inclusion problem, and split variational inequality problem over the solution set of equilibrium problem, are particular cases of SHVIP. They proposed an iterative scheme for solving SHVIP and studied the weak convergence of the sequence generated by the proposed algorithm.
In this paper, we give a common solution method for finding a fixed point of a nonexpansive operator and a solution of split hierarchical variational inequality problems. The weak convergence of such algorithm is studied. We also present an example to illustrate the proposed algorithm and the convergence result.
Preliminaries
Let H be a real Hilbert space whose inner product and norm are denoted by ·, · and · , respectively. Let C be a nonempty closed convex subset of H. We denote by x n → x (respectively, x n x) the strong (respectively, weak) convergence of the sequence {x n } to x. Let T : H → H be an operator whose range is denoted by R(T). The set of all fixed points of T is denoted by Fix(T), that is, Fix(T) = {x ∈ H : x = Tx}. Definition . An operator T : H → H is said to be:
whenever {x n } and {y n } are bounded sequences in H and lim n→∞ ( x n -y n -Tx n -Ty n ) = ; (c) averaged nonexpansive if it can be written as
where α ∈ (, ), I is the identity operator of H, and S : H → H is a nonexpansive mapping;
Remark . Every strongly nonexpansive operator is nonexpansive, but a nonexpansive operator need not be strongly nonexpansive. Also, a nonexpansive cutter operator need not be strongly nonexpansive.
Then T is nonexpansive but not strongly nonexpansive. Indeed, let x n =  and y n =  for all n. Then {x n } and {y n } are bounded sequences. Also,
Thus, T is not strongly nonexpansive. x ≤ √ } be a nonempty closed subspace of R  . Let T : C → C be defined by
Then T is a nonexpansive cutter operator, but T is not strongly nonexpansive. Indeed, let {x n } = (, ) and {y n } = (, ) for all n. Then {x n } and {y n } are two bounded sequences of C, and Tx n = (   ,   ) and Ty n = (, ). Note that
Thus, T is not strongly nonexpansive.
In order to show that T is a nonexpansive cutter operator, we first prove that it is non-
This shows that T is cutter.
The following lemma provides some fundamental properties of Hilbert spaces. These properties will be used in the sequel. 
Lemma . Let H be a real Hilbert space. Then, for all x, y ∈ H, we have
T is said to be:
(b) maximal monotone if it is monotone and the graph
of T is not properly contained in the graph of any other monotone operator; (c) α-inverse strongly monotone if there exists a constant α >  such that
It is well known that when T is maximal monotone, then for each x ∈ H and λ > , there is a unique z ∈ H such that x ∈ (I + λT)z. In this case, the operator J The following lemma will be used in our main result.
Lemma . ([])
Let {a n } ∞ n= and {b n } ∞ n= be sequences of nonnegative real numbers such that a n+ ≤ a n + b n for all n ≥ .
If
∞ n= b n < ∞, then the limit lim n→∞ a n exists.
Algorithms and convergence results
Let K : H  → H  be a nonexpansive operator with Fix(K) ∩ = ∅. We propose the following algorithm to compute a common element of the set of fixed points of K and the set of solutions of SHMVIP.
Algorithm . Initialization: Choose {α
Iterative step: For a given current x n ∈ H  , compute
where γ ∈ (,  A  ). Last step: Update n := n + .
When K is the identity operator, Algorithm . reduces to the following algorithm.
Next we prove the weak convergence of the sequences generated by Algorithm ..
Theorem . Let f : H  → H  be a monotone continuous mapping, T : H  → H  be a nonexpansive cutter operator such that Fix(T) = ∅, h : H  → H  be a monotone continuous mapping and S : H  → H  be a strongly nonexpansive cutter operator such that Fix(S) = ∅. Let A : H  → H  be a bounded linear operator with R(A)∩Fix(S) = ∅ and let K :
H  → H  be a nonexpansive operator with Fix(K) ∩ = ∅. Let {x n } and {y n } be the sequences generated by Algorithm . such that the following conditions hold:
(i) There exists a natural number n • such that
Then the sequences {x n } and {y n } converge weakly to an element x * ∈ Fix(K) ∩ .
Since S is a cutter operator, we have
Since p ∈ , by condition (i), we have
Since β n ∈ (, ) for all n ∈ N, we further have
Therefore,
Thus, () becomes
Since γ ∈ (,  A  ), we observe that γ ( -γ A  ) > , and hence
Let M := sup{ f (z n ) : n ≥ }. Then, for all n ≥ , we have
Since α n < ∞ and  < ( -λ n ) < , we have
Thus, by Lemma ., the limit lim n→∞ x n -p exists. Also, from ()-(), the limits lim n→∞ z n -p and lim n→∞ y n -p exist. This implies that {x n }, {y n } and {z n } are bounded sequences. Now, consider
From (), () and by Lemma .(c), we have
which is equivalent to
From the existence of the limit lim n→∞ x n -p and the facts that α n → , f (z n ) is bounded,  < λ n <  and γ ∈ (,  A  ), it follows that
and
From (), we have
Since T is a cutter operator, we have
This implies that
From (), () and by Lemma .(a), we have
Thus, from () and (), we have
Taking limit as n → ∞, and taking into account α n → ,  < λ n < , γ ∈ (,  A  ) and from equations (), () we have
From () and (), we obtain
Since {x n } is a bounded sequence, there exists a convergent subsequence {x n i } of {x n } that converges weakly to some x * ∈ H  . Since x n -y n → , it is known that y n i x * ∈ H  . By the demiclosed principle, y n i x * and y n i -Ky n i → , we have
From (), we obtain
By (), we have
Equations () and () yield that
From the definition of y n , we have
y n -Ty n = y n -Tz n + Tz n -Ty n ≤ y n -Tz n + z n -y n .
From () and (), we get lim n→∞ y n -Ty n → .
Since y n i x * and y n i -Ty n i → , by the demiclosed principle, we obtain
Let v n := Ax n -β n h(Ax n ) for all n ≥ . We observe that
From condition (iv) and (), we have
The boundedness of v n and strong nonexpansiveness of S imply that Let q n := z n -α n f (z n ). By Lemma .(b) and inequality (), we have
From the definition of x n+ , () and using the monotonicity of f , we have
Let α n = (/n  , /n  ), β n = (/n, /n), γ ∈ (, ) and λ n ∈ (, ). Then the sequences x n and y n generated by Algorithm . with initial guess x  = (, -) converge to (, ) (see Table  ) which is a fixed point of T and K , whereas A(, ) = (, ) which is the fixed point of S, where x  = (x   , x   ). Thus, (, ) is the required solution.
